
From Lay, Section 1.2
��� Row Reduction and Echelon Forms ��

%&' */ * 5 * 0/ A rectangular	matrix	is	in echelon	form (or row	echelon	form)	if	it	has	the
following	three	properties:

1. All	nonzero	rows	are	above	any	rows	of	all	zeros.
2. Each	leading	entry	of	a	row	is	in	a	column	to	the	right	of	the	leading	entry	of

the	row	above	it.
3. All	entries	in	a	column	below	a	leading	entry	are	zeros.

If	a	matrix	in	echelon	form	satisfies	the	following	additional	conditions, then	it	is
in reduced	echelon	form (or reduced	row	echelon	form):

4. The	leading	entry	in	each	nonzero	row	is	1.
5. Each	leading	1	is	the	only	nonzero	entry	in	its	column.

An echelon	matrix (respectively, reduced	echelon	matrix)	is	one	that	is	in	echelon
form	(respectively, reduced	echelon	form). Property	2	says	that	the	leading	entries	form
an echelon (“steplike”)	pattern	that	moves	down	and	to	the	right	through	the	matrix.
Property	3	is	a	simple	consequence	of	property	2, but	we	include	it	for	emphasis.

The	“triangular”	matrices	of	Section 1.1, such	as2
4

2 !3 2 1
0 1 !4 8
0 0 0 5=2

3
5 and

2
4

1 0 0 29
0 1 0 16
0 0 1 3

3
5

are	in	echelon	form. In	fact, the	second	matrix	is	in	reduced	echelon	form. Here	are
additional	examples.

&9".1-& � The	following	matrices	are	in	echelon	form. The	leading	entries	( )
may	have	any	nonzero	value; the	starred	entries	(")	may	have	any	value	(including	zero).

2
664

" " "
0 " "
0 0 0 0
0 0 0 0

3
775;

2
66664

0 " " " " " " " "
0 0 0 " " " " " "
0 0 0 0 " " " " "
0 0 0 0 0 " " " "
0 0 0 0 0 0 0 0 "

3
77775

The	following	matrices	are	in	reduced	echelon	form	because	the	leading	entries	are	1’s,
and	there	are	0’s	below and	above each	leading	1.

2
664

1 0 " "
0 1 " "
0 0 0 0
0 0 0 0

3
775;

2
66664

0 1 " 0 0 0 " " 0 "
0 0 0 1 0 0 " " 0 "
0 0 0 0 1 0 " " 0 "
0 0 0 0 0 1 " " 0 "
0 0 0 0 0 0 0 0 1 "

3
77775

Any	nonzero	matrix	may	be row	reduced (that	is, transformed	by	elementary	row
operations)	into	more	than	one	matrix	in	echelon	form, using	different	sequences	of	row
operations. However, the	reduced	echelon	form	one	obtains	from	a	matrix	is	unique.
The	following	theorem	is	proved	in	Appendix	A at	the	end	of	the	text.

5)&03&. � 6OJRVFOFTT PG UIF 3FEVDFE &DIFMPO 'PSN
Each	matrix	is	row	equivalent	to	one	and	only	one	reduced	echelon	matrix.

Echelon Form Reduced Echelon Form3 −6 0 4
0 0 5 3
0 0 0 1


1 −2 0 0
0 0 1 0
0 0 0 1


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Talk with the people around you for a minute
1 0 3
0 3 5
0 2 1

 is in echelon form
(a) True, and I can explain why

(b) True, but I am unsure why

(c) False, and I can explain why

(d) False, but I am unsure why

(e) Hmm. . .
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Talk with the people around you for a minute
1 0 0 1 −7
0 0 1 0 2
0 0 0 0 0

 is in reduced echelon form
(a) True, and I can explain why

(b) True, but I am unsure why

(c) False, and I can explain why

(d) False, but I am unsure why

(e) Hmm. . .
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From Lay, Section 1.2

�� $)"15&3 � Linear Equations in Linear Algebra

If	a	matrix A is	row	equivalent	to	an	echelon	matrix U , we	call U an	echelon	form
(or	row	echelon	form) of A; if U is	in	reduced	echelon	form, we	call U the	reduced
echelon	form	of A. [Most	matrix	programs	and	calculators	with	matrix	capabilities
use	the	abbreviation	RREF for	reduced	(row)	echelon	form. Some	use	REF for	(row)
echelon	form.]

Pivot Positions
When	row	operations	on	a	matrix	produce	an	echelon	form, further	row	operations	to
obtain	the	reduced	echelon	form	do	not	change	the	positions	of	the	leading	entries. Since
the	reduced	echelon	form	is	unique, the	leading	entries	are	always	in	the	same	positions
in	any	echelon	form	obtained	from	a	given	matrix. These	leading	entries	correspond	to
leading	1’s	in	the	reduced	echelon	form.

%&' */ * 5 * 0/ A pivot	position in	a	matrix A is	a	location	in A that	corresponds	to	a	leading	1
in	the	reduced	echelon	form	of A. A pivot	column is	a	column	of A that	contains
a	pivot	position.

In	Example	1, the	squares	( )	identify	the	pivot	positions. Many	fundamental
concepts	in	the	first	four	chapters	will	be	connected	in	one	way	or	another	with	pivot
positions	in	a	matrix.

&9".1-& � Row	reduce	the	matrix A below	to	echelon	form, and	locate	the	pivot
columns	of A.

A D

2
664

0 !3 !6 4 9
!1 !2 !1 3 1
!2 !3 0 3 !1

1 4 5 !9 !7

3
775

40-65*0/ Use	the	same	basic	strategy	as	in	Section 1.1. The	top	of	the	leftmost
nonzero	column	is	the	first	pivot	position. A nonzero	entry, or pivot, must	be	placed
in	this	position. A good	choice	is	to	interchange	rows	1	and	4	(because	the	mental
computations	in	the	next	step	will	not	involve	fractions).

2
664

1 !
Pivot

4 5 !9 !7
!1 !2 !1 3 1
!2 !3 0 3 !1

0

" Pivot	column

!3 !6 4 9

3
775

Create	zeros	below	the	pivot, 1, by	adding	multiples	of	the	first	row	to	the	rows	below,
and	obtain	matrix	(1)	below. The	pivot	position	in	the	second	row	must	be	as	far	left
as	possible—namely, in	the	second	column. Choose	the	2	in	this	position	as	the	next
pivot.

2
664

1 4 5 !9 !7
0 2 !

Pivot

4 !6 !6
0 5 10 !15 !15
0 !3

" Next	pivot	column

!6 4 9

3
775 (1)
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�� $)"15&3 � Linear Equations in Linear Algebra

If	a	matrix A is	row	equivalent	to	an	echelon	matrix U , we	call U an	echelon	form
(or	row	echelon	form) of A; if U is	in	reduced	echelon	form, we	call U the	reduced
echelon	form	of A. [Most	matrix	programs	and	calculators	with	matrix	capabilities
use	the	abbreviation	RREF for	reduced	(row)	echelon	form. Some	use	REF for	(row)
echelon	form.]

Pivot Positions
When	row	operations	on	a	matrix	produce	an	echelon	form, further	row	operations	to
obtain	the	reduced	echelon	form	do	not	change	the	positions	of	the	leading	entries. Since
the	reduced	echelon	form	is	unique, the	leading	entries	are	always	in	the	same	positions
in	any	echelon	form	obtained	from	a	given	matrix. These	leading	entries	correspond	to
leading	1’s	in	the	reduced	echelon	form.

%&' */ * 5 * 0/ A pivot	position in	a	matrix A is	a	location	in A that	corresponds	to	a	leading	1
in	the	reduced	echelon	form	of A. A pivot	column is	a	column	of A that	contains
a	pivot	position.

In	Example	1, the	squares	( )	identify	the	pivot	positions. Many	fundamental
concepts	in	the	first	four	chapters	will	be	connected	in	one	way	or	another	with	pivot
positions	in	a	matrix.

&9".1-& � Row	reduce	the	matrix A below	to	echelon	form, and	locate	the	pivot
columns	of A.

A D

2
664

0 !3 !6 4 9
!1 !2 !1 3 1
!2 !3 0 3 !1

1 4 5 !9 !7

3
775

40-65*0/ Use	the	same	basic	strategy	as	in	Section 1.1. The	top	of	the	leftmost
nonzero	column	is	the	first	pivot	position. A nonzero	entry, or pivot, must	be	placed
in	this	position. A good	choice	is	to	interchange	rows	1	and	4	(because	the	mental
computations	in	the	next	step	will	not	involve	fractions).

2
664

1 !
Pivot

4 5 !9 !7
!1 !2 !1 3 1
!2 !3 0 3 !1

0

" Pivot	column

!3 !6 4 9

3
775

Create	zeros	below	the	pivot, 1, by	adding	multiples	of	the	first	row	to	the	rows	below,
and	obtain	matrix	(1)	below. The	pivot	position	in	the	second	row	must	be	as	far	left
as	possible—namely, in	the	second	column. Choose	the	2	in	this	position	as	the	next
pivot.

2
664

1 4 5 !9 !7
0 2 !

Pivot

4 !6 !6
0 5 10 !15 !15
0 !3

" Next	pivot	column

!6 4 9

3
775 (1)
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Pivot positions
L

:
Pivot columns

Math 221 Linear Algebra (T. Ratliff ) August 29, 2024 4



From Lay, Section 1.2

Variables that correspond to a pivot column are called basic variables, and
variables that do not correspond to a pivot column are called free variables.

Augmented matrix from #6:

A =

1 1 1 2
1 2 1 3
2 3 2 5

 reduced echelon−−−−−−−−−−→
form

1 0 1 1
0 1 0 1
0 0 0 0



x1 and x2 are basic variables

x3 is a free variable
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1. Find the general solutions of the system whose augmented matrix is

 2 −8 0 1 −1 4
−4 16 3 −2 17 −14
6 −24 0 5 3 16


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