
�ƇƇǞɾǞȩȘ ȩȘ CȀȀǞɔɾǞż +ʕɟʲƚ A : ĥߞ = Ĥߟ + �Ĥ+ ࡈ$ ߟ�ߠ + ߞ$ߣߞ != ߜ

�ŏɾǕ ߞߜߟ �Ƈʲ +ɟʿɔɾȩ ࡏ÷ áŏɾȀǞǀǀ  �ŏɟżǕ ࡈߥߞ ߝߞߜߞ ߟ

PL &
Pz s

p 9 •
,

I • l

l c

• L

( l

l

,

I
( I

* P
,
tpz

i

• 217

Answer PCA 3

Tommy Ratliff
Note: The first 7 slides are from 
Advanced Crypto in Spring 2021



�ƇƇǞɾǞȩȘ ȩȘ CȀȀǞɔɾǞż +ʕɟʲƚ A : ĥߞ = Ĥߟ + �Ĥ+ ࡈ$ ߟ�ߠ + ߞ$ߣߞ != ߜ

�ŏɾǕ ߞߜߟ �Ƈʲ +ɟʿɔɾȩ ࡏ÷ áŏɾȀǞǀǀ  �ŏɟżǕ ࡈߥߞ ߝߞߜߞ ߠ

P P,
• I

q•

÷
• p

'

•

2

why need point Oat N p
,
+ O = P,

( y - iafriucty) Answer PCA 2



CʾŏȒɔȀƚࡇ A : ĥߞ = Ĥߟ − +Ĥߞ ࡈߡ Óߝ = ,ߞ−) (ߝ ŏȘƇ Óߞ = ,ߞ) (ߟ

_ǞȘƇ Óߝ + Óߞ

�ŏɾǕ ߞߜߟ �Ƈʲ +ɟʿɔɾȩ ࡏ÷ áŏɾȀǞǀǀ  �ŏɟżǕ ࡈߥߞ ߝߞߜߞ ߡ

Line thru P
, and Pz

slope -_ III =3z, = Iz
Pa

y - I =
'

z ( x
- C- Es)

P, •
•

y = Ex t 2
•• :

"
To feud 3rd point :

-P
,

• i

"
•

P,tPz
( Ext25=43-2×+5
Multiply out,

then 1×+2) and ( x- 3)

must be factors

what is - P, ? x
-

- I
, y =

'

f
- P

,
=L - 2

,
- D p

,
t Pz = (I, s

- tf)



CʾŏȒɔȀƚࡇ A : ĥߞ = Ĥߟ − +Ĥߞ ࡈߡ Óߝ = ,ߞ−) (ߝ ŏȘƇ Óߞ = ,ߞ) (ߟ

_ǞȘƇ ߝÓߞ

�ŏɾǕ ߞߜߟ �Ƈʲ +ɟʿɔɾȩ ࡏ÷ áŏɾȀǞǀǀ  �ŏɟżǕ ࡈߥߞ ߝߞߜߞ ߢ

Form tangent line

slope of toageuf love 1¥

¥42 = ¥ 1×3-2×+5)

Pi 24 TIX = 3×2 - 2
•

DY

Tx
=

3×2-2
TY

dy

At P, =L-2, D ,
Tx
= 5

Y - 1=5(X -12)

y = 5X til

(5×+432 = X
3
- 2×+5

X= 29 4=156

ZP
,
= ( 29

,
-156)



÷ǕƚȩɟƚȒ ࡇߢࡏߢ A : ĥߞ = Ĥߟ + �Ĥ+ ࡈ$ ߟ�ߠ + ߞ$ߣߞ != ߜ

�ƚɾ Óߝ ŏȘƇ Óߞ ųƚ ɾʶȩ ɔȩǞȘɾɯ ȩȘ A

ࡄ vǀ Óߝ = Oࡈ ɾǕƚȘ Óߝ + Óߞ = Óߞ
vǀ Óߞ = Oࡈ ɾǕƚȘ Óߝ + Óߞ = Óߝ

ࡄ °ɾǕƚɟʶǞɯƚࡈ ʶɟǞɾƚ Óߝ = ,ߝʺ) ʻߝ) ŏȘƇ Óߞ = ,ߞʺ) ʻߞ)
ࡄ vǀ ߝʺ = ߞʺ ŏȘƇ ʻߝ = −ʻࡈߞ ɾǕƚȘ Óߝ = −Óߞ ǞȘ A ŏȘƇ Óߝ + Óߞ = O

ࡄ °ɾǕƚɟʶǞɯƚࡈ Ƈƚ˙Șƚ

λ =






ʻߞ − ʻߝ
ߞʺ − ߝʺ

Ǟǀ Óߝ != Óߞ

ߝߞʺߟ + �
ߝʻߞ

Ǟǀ Óߝ = Óߞ

÷ǕƚȘ Óߝ + Óߞ = ,ߟʺ) ʻߟ) ʶǕƚɟƚ

ߟʺ = λߞ − ߝʺ − ߞʺ ŏȘƇ ʻߟ = λ(ʺߝ − −(ߟʺ ʻߝ

�ŏɾǕ ߞߜߟ �Ƈʲ +ɟʿɔɾȩ ࡏ÷ áŏɾȀǞǀǀ  �ŏɟżǕ ࡈߥߞ ߝߞߜߞ ߣ



A : ĥߞ = Ĥߟ − +Ĥߞ ࡈߡ Óߝ = ,ߞ−) (ߝ ŏȘƇ Óߞ = ,ߞ) .(ߟ _ǞȘƇ Óߝ + Óߞ

λ =






ʻߞ − ʻߝ
ߞʺ − ߝʺ

Ǟǀ Óߝ != Óߞ

ߝߞʺߟ + �
ߝʻߞ

Ǟǀ Óߝ = Óߞ

ߟʺ = λߞ − ߝʺ − ,ߞʺ ʻߟ = λ(ʺߝ − −(ߟʺ ʻߝ

�ŏɾǕ ߞߜߟ �Ƈʲ +ɟʿɔɾȩ ࡏ÷ áŏɾȀǞǀǀ  �ŏɟżǕ ࡈߥߞ ߝߞߜߞ ߤ

R-_3↳ = I xz= (E)¥2) -21 Yz
-

- IC- Z - f ) - I

=
t -

- El - F) - I
4

=
- f - I

=
- GI



A : ĥߞ = Ĥߟ − +Ĥߞ ࡈߡ Óߝ = ,ߞ−) (ߝ ŏȘƇ Óߞ = ,ߞ) .(ߟ _ǞȘƇ ߝÓߞ

λ =






ʻߞ − ʻߝ
ߞʺ − ߝʺ

Ǟǀ Óߝ != Óߞ

ߝߞʺߟ + �
ߝʻߞ

Ǟǀ Óߝ = Óߞ

ߟʺ = λߞ − ߝʺ − ,ߞʺ ʻߟ = λ(ʺߝ − −(ߟʺ ʻߝ

�ŏɾǕ ߞߜߟ �Ƈʲ +ɟʿɔɾȩ ࡏ÷ áŏɾȀǞǀǀ  �ŏɟżǕ ࡈߥߞ ߝߞߜߞ ߥ

I #

-
C- 2)

3L-25 + C-2)
×z=

52 - C -2)+2 yz - 5L-2 -29) - I

D=
2 ( l )

= 29 =
- 155 - I

= 5
= - 156

NOTE : If P
,
and Pz are rational ,

then P
,
+ Pz is rational ! !

ECDLP : solve ng
-

- h where g.
HEE



1. Use Mathematica to draw the following elliptic curves

(a) Let E : Y2 = X3 − 5X+ 6
Verify 4A3 + 27B2 ̸= 0
How many points on E are their own additive inverse?
i.e. How many points on E satisfy P = −P?

(b) E : Y2 = X3 − 4X+ 1
Verify 4A3 + 27B2 ̸= 0
How many points on E are their own additive inverse?

(c) E : Y2 = X3 − 3X+ 2
Verify 4A3 + 27B2 = 0
By looking at the graph, why is this a problem for defining addition on E?

(d) E : Y2 = X3
Verify 4A3 + 27B2 = 0
By looking at the graph, why is this a problem for defining addition on E?
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2. Consider the elliptic curve E : Y2 = X3 − 6X+ 5

(a) Verify that P1 = (−2, 3) and P2 = (2, 1) lie on E

(b) Use the geometric description of addition on E to find P1 + P2

(c) Use the geometric description of addition on E to find 2P1

(d) Use Theorem 6.6 to verify your answers to (b) and (c)

(e) Verify that Q1 =
( 1
4 ,−

15
8
)
and Q2 =

( 58
9 ,

413
27
)
lie on E

(f ) Use Theorem 6.6 to find Q2 + Q1 and Q1 − Q1

Note: −Q1 means the additive inverse of Q1 in E
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