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Example: £ : Y2 =

Find Py + P,

what Ve "T)l ?.
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Example: E: Y2 = X3 —2X +5,

Find 2P,
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Theorem 6.6: E : Y> = X3 + AX + B, 4A%+27B*+£0

Let P, and P, be two points on E

c IfPy=0,then P1+P, =P,
If P, = O, then Py + Py, = Py
» Otherwise, write Py = (xq,y1) and P, = (x2,¥2)
c Ifx; =x;andy; = —y,, then Py = —P,inEand P, + P, = O

+ Otherwise, define
Yo—W

220 igp 2 p
X X1 if P1# P,
A:
3 +A
—— ifPi=P
2y, ! 2

Then Py + P, = (X3,Y3) where

X3=XN =X —x and  y3=A\(X1—X3) — ¥
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Py=(—2,1)and P, = (2,3). | Find P, +P,

if Py # P,

if Py = P,
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Y2—W
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3 +A .
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1. Use Mathematica to draw the following elliptic curves

(@) LetE:Y2=X3—-5X+6
Verify 4A3 + 27B% # 0
How many points on E are their own additive inverse?
i.e. How many points on E satisfy P = —P?

(b) E: Y2 =X3 —4X+1
Verify 4A% +27B% £ 0
How many points on E are their own additive inverse?

() E:YV2=X3—-3X+2
Verify 4A3 +27B? = 0
By looking at the graph, why is this a problem for defining addition on E?

(d) E:v?2=Xx3

Verify 4A3 +27B? = 0
By looking at the graph, why is this a problem for defining addition on E?
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2. Consider the elliptic curve E: Y2 = X3 — 6X +5

(a) Verify that P, = (-2,3) and P, = (2,1) lieon E

(b) Use the geometric description of addition on E to find P; + P,
(c) Use the geometric description of addition on E to find 2P,

(d) Use Theorem 6.6 to verify your answers to (b) and (c)

(e) Verify that Q; = (7,— %) and Q, = (32,42) lieon E

(f) Use Theorem 6.6 to find Q, + Q; and Q; — Q,

Note: —Qq means the additive inverse of Q; in E
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