From Lay, Section 4.4

THEOREM 7 The Unique Representation Theorem

Let B = {by,...,b,} be a basis for a vector space V. Then for each x in V, there
exists a unique set of scalars cy, . .., ¢, such that

X = cib; + -+ + cyby (D
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THEOREM 7 The Unique Representation Theorem

Let B = {by,...,b,} be a basis for a vector space V. Then for each x in V, there
exists a unique set of scalars cy, . .., ¢, such that

X =cib; + -+ 4+ cqby (D

Proof: Since B spans V, we know such scalars exist.
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From Lay, Section 4.4

THEOREM 7 The Unique Representation Theorem

Let B = {by,...,b,} be a basis for a vector space V. Then for each x in V, there

exists a unique set of scalars cy, . .., ¢, such that

X =cib; + - +¢,b,

Proof: Since B spans V, we know such scalars exist.

To show the scalars are unique:

- Suppose X can also be expressed as
X = diby +--- 4 dyby
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From Lay, Section 4.4

THEOREM 7 The Unique Representation Theorem

Let B = {by,...,b,} be a basis for a vector space V. Then for each x in V, there
exists a unique set of scalars cy, . .., ¢, such that

X =cib; + -+ 4+ cqby (D

Proof: Since B spans V, we know such scalars exist.
To show the scalars are unique:

- Suppose X can also be expressed as
X = diby +--- 4 dyby

« Then subtracting gives
0=(¢ci—dy)b1+---+(ch —dn)by

Math 221 Linear Algebra (T. Ratliff) October 24,2023 1



From Lay, Section 4.4

THEOREM 7 The Unique Representation Theorem

Let B = {by,...,b,} be a basis for a vector space V. Then for each x in V, there
exists a unique set of scalars cy, . .., ¢, such that
x=cib; +--- + c,b, 1)

Proof: Since B spans V, we know such scalars exist.
To show the scalars are unique:

- Suppose X can also be expressed as
X = diby +--- 4 dyby

« Then subtracting gives
0=(¢ci—dy)b1+---+(ch —dn)by

- Since B is a linearly independent set, we know that
Cq :d1,C2 :dz.,...,Cn :dn O
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Give the dimension of each vector space

RS 12 3 4 5 6

5 LetA=1|0 0 -2 3 5 1

2 RN 0 0 0 0 O0UDO
(@) col(A)
> (b) nul(A)
& Pn (c) row(A)
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From Lay, Section 4.5

THEOREM 9 If a vector space V has a basis B = {by, ..., b,}, then any set in V containing
more than n vectors must be linearly dependent.

Proof: Let {v3,...,Vp} be asetinVwherep > n.
Then {v3,...,vp} is linearly dependent if there exists a nontrivial solution to

X1V + XV + -+ - XpVp = 0

Overview:

- We will convert this into a matrix equation AX = 0 where Ais n x p.

« Since p > n, A has a free variable, and there exists a non-trivial solution to the
homogeneous system.

- Thus, {v1,...,vp} is a linearly dependent set.

Note this applies to any vector space V, not just R"
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Proof of Theorem 4.9, continued

Since B is a basis for V, we can write
anby + apbz + -+ + apby = Vg

anbi+ axby + -+ axby =Vva

apiby + apby + -+ + apabn = Vp
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Proof of Theorem 4.9, continued

Since B is a basis for V, we can write
anby + apbz + -+ + apby = Vg
anbq+ axby + -+ axpba = V2

apiby + apby + -+ + apabn = Vp

Remember we are looking for a non-trivial solution to

X1V1 + XoV2 + -+ XpVp = 0
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f Theorem 4.9, continued

Since B is a basis for V, we can write
anby + apbz + -+ + apby = Vg
anbq+ axby + -+ axpba = V2

Aprbr + Apoby + - + Apnbp =V
Remember we are looking for a non-trivial solution to
XIV7 + XV + -+ XpVp = 0
which becomes
xi(anby + anby + - + anby)+
X3(Anbq + Gzby + - + Gybn)+
-+ Xp(Aprb1 + apoba + - - + Gpoby) =
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Proof of Theorem 4.9, continued

We can rearrange
X1(anbq 4 anby + - - - + ainbp)+
X2(A2101 + by + -+ - + Ganbn )+

-

-+ Xp(apibr + apby + - - + apn n):6

to

—

(X1an + X201 + - - + XpQpr) e+

—

(X1Q12 + X2Q22 + - - - + XpAp2 ) b2+

- =

-+ (X1Q1n + X020 + - + XpQpn)bn = 0
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Proof of Theorem 4.9, continued

We can rearrange
x1(anbq + apby + - - + ainbn)+

X2(anbq + axpby + - - - + axnby)+
s +Xp(ap1bﬁ1 + Clpzb; + -+ apnbﬂn) = 6

to

—

(X1 + X201 + - + XpAp1)b1+

—

(X1Q12 + X2Q22 + - - - + XpAp2 ) b2+

—

oo 4 (X9Q1p + X2Q2n + - - - +Xpapn)b_;1 =0

Remember {tﬂ, e bqn} is a linearly independent set.
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Proof of Theorem 4.9, continued

Since {bq, A b}} is a linearly independent, we get

X1011 + X021 + - - + XpQp1 = 0

X1Qqp + X200 + - -+ +XpClp2 =0

X‘Ia‘]n +X202n + .- +Xpapn — 0
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Proof of Theorem 4.9, continued

Since {bq, A b}} is a linearly independent, we get
X1011 + X021 + - - + XpQp1 = 0

X1Qqp + X200 + - -+ +XpClp2 =0

X‘Ia‘]n +X202n + .- +Xpapn — 0

This converts to the matrix equation

an  Qax ap1| | X1

app 0ax» ap2 | | X2 o
=0

Qin Q2p Apn| | Xp
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Proof of Theorem 4.9, continued

The matrix equation

ayn axn - Qp X1

G Qp -+ 04p| | X2 "
=0

Qin Qon Gpn| [Xp

is the same as AX = 0 where A is n x p with p > n.
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Proof of Theorem 4.9, continued

The matrix equation

an apn X1

axn ap2 | | X2 ~
=0

OZn apn Xp

is the same as AX = 0 where A is n x p with p > n.

Thus, A has a free variable and AX = 0 has a non-trivial solution.
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Proof of Theorem 4.9, continued

The matrix equation

ay  an apn X1

app axn ap2 | | X2 o
=0

Qin Qon Qpn| | Xp

is the same as AX = 0 where A is n x p with p > n.

Thus, A has a free variable and AX = 0 has a non-trivial solution.

This gives us a non-trivial solution to

X1V1 + XoV2 + -+ XpVp = 0
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Proof of Theorem 4.9, continued

The matrix equation

an apn X1

axn ap2 | | X2 ~
=0

OZn apn Xp

is the same as AX = 0 where A is n x p with p > n.

Thus, A has a free variable and AX = 0 has a non-trivial solution.

This gives us a non-trivial solution to

X1V1 + XoV2 + -+ XpVp = 0

Thus, {v,...,
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