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Diagonalizable:
A square matrix A is diagonalizable iff we can write A = PDP~! where D is diagonal.

Theorem 5.5:

A is diagonalizable iff A has n linearly independent eigenvectors.

In particular, if A = PDP~! then the columns in P are n linearly independent eigenvectors of A and the entries in the
diagonal of D are the corresponding eigenvalues of A.

Theorem 5.6:
If A is n X n with n distinct eigenvalues, then A is diagonalizable.

Theorem 7.1:
If A is symmetric, then any two eigenvectors from different eigenspaces are orthogonal.

Orthogonally Diagonalizable
An n X n matrix A is orthogonally diagonalizable iff there is an orthogonal matrix P (so P~! = PT) and a diagonal
matrix D such that

A=PDP! = PDP"

Theorem 7.2:
An n X n matrix A is orthogonally diagonalizable iff A is a symmetric matrix.

Theorem 7.3: The Spectral Theorem for Symmetric Matrices
An n X n symmetric matrix A has the following properties:

a. A has n real eigenvalues, counting multiplicities.

b. The dimension of the eigenspace for each eigenvalue A equals the multiplicity of A as a root of the characteristic
equation.

c. The eigenspaces are mutually orthogonal.

d. A is orthogonally diagonalizable.

T. Ratliff Fall 2023



Math 221 Linear Algebra November 28 Handout

Spectral Decomposition for Symmetric Matrices:

If A is an nXn symmetric matrix with orthonormal eigenvectors U}, U3, . . ., U, with corresponding eigenvalues Ay, Ay, . .

then the spectral decomposition of A is

o ST o ST o ST
A= /11111111 +/‘12U2112 + -+ /‘lnllnlln

Singular Values of an m X n Matrix:
Let A be an m X n matrix. Then ATA is an n X n symmetric matrix.
The eigenvalues of AT A are all nonnegative. Reorder so that the eigenvalues are ordered

M>2A>-2>21,20

The singular values of A are the square roots of the eigenvalues of AT A:

Singular value decomposition:
Let A be an m X n matrix with rank r. Then there exists

D o0
« an m X n matrix ¥ = [ 0 0] where D is an r X r diagonal matrix with the first r singular values of A,

01209220, >0,
on its diagonal,
« an m X m orthogonal matrix U, and
« an n X n orthogonal matrix V

such that
A=UzvT

o An,
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