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The Simplex for q =
2

3
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Figure 1 The plane x1 + x2 + x3 = 1 and the 2-simplex {(x1, x2, x3) | x1 + x2 + x3 = 1,
x1 ≥ 0, x2 ≥ 0, and x3 ≥ 0} with distances x∗

i =
(√

3/2
)

xi

x1 + x2 = q, x1 + x3 = q, and x2 + x3 = q are equivalent to x3 = 1 − q, x2 = 1 − q,
and x1 = 1 − q, respectively. For q < 1, the hyperplanes define 6 line segments par-
allel to the sides of the equilateral triangle and partition the simplex into ten regions
R1 − R10 (FIGURE 2 and TABLE 1). If a game lies on a hyperplane, its region can be
determined from the winning coalitions in TABLE 1. For example, a game on the part
of w2 = 1 − q between R6 and R7 belongs to R7, because w1 + w3 = q ensures that
{1, 3} is a winning coalition. When q = 1, R10 is the entire interior of the simplex be-
cause regions R4, R5, and R6 become line segments, R1, R2, and R3 reduce to points,
and R7, R8, and R9 are empty.

In regions R1, R2, and R3, a dictator forms a singleton winning coalition, which is
necessarily minimal, as seen in TABLE 1. As the name implies, a dictator’s vote decides
the outcome of the election because its weight is at least as large as the quota. A voter
is called a dummy voter if he or she is not part of any minimal winning coalition. For
example, in region R6, voter 3 is a dummy voter, just like Carlos after he buys the
additional shares of stock, because 3 ̸∈ {1, 2}, the only minimal winning coalition (as
in TABLE 1).
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Figure 2 Shape of regions for various normalized quotas: 1/2 < q < 2/3 (left), q = 2/3
(middle), and 2/3 < q < 1 (right)

The games in each region form an equivalence class in which each game has the
same set of minimal winning coalitions. Although the hyperplanes determine the mini-
mal winning coalitions, it is useful to work backwards from the minimal winning coali-
tions of a specific equivalence class to understand the relationship to the hyperplanes.

1. Fill out the following chart and label the boundaries of the regions.

ψi

Region Sample System A B C

R1

R2

R3

R4

R5

R6 [10: 6, 6, 3] 0.5 0.5 0

R7

R8

R9

R10

2. Create an example of the Paradox of Redistribution for a system with q = 3
4 where the original

system is in the interior of R8 and the new system is in the interior of R4.

3. Do the same but where the original system is in the interior of R5 and the new system is in the
interior of R9.
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Figure 1 The plane x1 + x2 + x3 = 1 and the 2-simplex {(x1, x2, x3) | x1 + x2 + x3 = 1,
x1 ≥ 0, x2 ≥ 0, and x3 ≥ 0} with distances x∗

i =
(√

3/2
)

xi

x1 + x2 = q, x1 + x3 = q, and x2 + x3 = q are equivalent to x3 = 1 − q, x2 = 1 − q,
and x1 = 1 − q, respectively. For q < 1, the hyperplanes define 6 line segments par-
allel to the sides of the equilateral triangle and partition the simplex into ten regions
R1 − R10 (FIGURE 2 and TABLE 1). If a game lies on a hyperplane, its region can be
determined from the winning coalitions in TABLE 1. For example, a game on the part
of w2 = 1 − q between R6 and R7 belongs to R7, because w1 + w3 = q ensures that
{1, 3} is a winning coalition. When q = 1, R10 is the entire interior of the simplex be-
cause regions R4, R5, and R6 become line segments, R1, R2, and R3 reduce to points,
and R7, R8, and R9 are empty.

In regions R1, R2, and R3, a dictator forms a singleton winning coalition, which is
necessarily minimal, as seen in TABLE 1. As the name implies, a dictator’s vote decides
the outcome of the election because its weight is at least as large as the quota. A voter
is called a dummy voter if he or she is not part of any minimal winning coalition. For
example, in region R6, voter 3 is a dummy voter, just like Carlos after he buys the
additional shares of stock, because 3 ̸∈ {1, 2}, the only minimal winning coalition (as
in TABLE 1).
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Figure 2 Shape of regions for various normalized quotas: 1/2 < q < 2/3 (left), q = 2/3
(middle), and 2/3 < q < 1 (right)

The games in each region form an equivalence class in which each game has the
same set of minimal winning coalitions. Although the hyperplanes determine the mini-
mal winning coalitions, it is useful to work backwards from the minimal winning coali-
tions of a specific equivalence class to understand the relationship to the hyperplanes.

4. Fill out the following chart and label the boundaries of the regions.

ψi

Region Sample System A B C

R1

R2

R3

R4

R5

R6

R7

R8

R9

R10

5. Create an example of the Paradox of a New Member for a system with q = 3
4 .
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